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1 Introduction

Data Envelopment Analysis (DEA), developed by Charnes et al. [7],
is the most widely used method for estimating production frontier and
evaluating the efficiency of Decision Making Units (DMUs). The Pro-
duction Possibility Set (PPS) is a convex polyhedral set with a portion
of its boundary constituting the efficient frontier. The frontier consists
of two types of defining hyperplanes, strong and weak defining hyper-
planes. The defining hyperplanes determine the nature of returns to
scale and also is important for defining a suitable pattern for inefficient
DMUs. Thus, devising a method for identifying all the strong and weak
defining hyperplanes becomes a significant issue. Over the past years,
many papers have been written on the subject of finding the efficient
frontier. Jahanshahloo et al. [12] provided an algorithm for finding all
the strong defining hyperplanes of the PPS. Their method is based on
the identification of all the coplanar strong efficient DMUs and appli-
cable to both DEA models under constant and variable returns-to-scale
assumptions. Jahanshahloo et al. [I 1] proved that the hyperplane which
corresponds to an extreme optimal solution of the multiplier form (in
evaluating an efficient DMU) and whose components corresponding to
inputs and outputs are nonzero is a strong defining hyperplanes of the
PPS. Jahanshahloo et al. [13] provided a method to obtain efficient
frontier by using 0-1 integer programming. Sueyoshi et al. [I16] pro-
posed a linear programming problem to identify all efficient DMUs that
consist of a reference set; meanwhile, under special conditions optimal
solutions of this model can be considered as the gradient of the defining
hyperplane. Wei et al. [17, 18] investigated the properties of a K-cone
and studied the problem of constructing all the “DEA-efficient surface”
of the production possibility set under generalized DEA model. By in-
troducing a variety of the supper-efficient model, Jahanshahloo et al. [9]
proposed a method for finding all the weak defining hyperplanes of PPS
with variable returns-to scale. By using a MOLP problem Jahanshahloo
et al. [10] provided an algorithm to find the gradient of efficient hyper-
planes which characterizes the efficient face. Ghazi et al. [8] proposed
an algorithm to generate the strong defining hyperplanes for the PPS
with the VRS technology. Their algorithm is based on a MOLP prob-
lem in DEA. Amirteimoori et al. [1] presented a method for generating
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all linearly independent strong defining hyperplanes (LISDHs) of the
PPS passing through a specific DMU. Olesen and Petersen. [14] studied
the characteristics of the production possibility set and discussed the
utilization of given surface structure information.

But, in all of the above papers linear programming problems has been
used for finding defining hyperplanes. It seems using linear programing
models and theory of DEA is the most common method of finding hy-
perplanes of PPS. By using these methods, hyperplanes cannot be find
easily. A few exceptions are Dula et al. [7] and Ranjbar et al. [15].
The procedures in [7] are in a category of preprocessors, uncover effi-
cient DMUs through using translation and rotating hyperplanes. These
two preprocessors, without using LPs and under special conditions, yield
some strong defining hyperplanes, but not all of them. Ranjbar et al.
[15] provided an algorithm for finding defining hyperplanes of variable
returns- to- scale technology by using the basic concepts of Linear Al-
gebra.

In this paper, an algorithm is developed by using the method pro-
posed by Jahanshahloo et al. [12] so that the strong and weak hyper-
planes are found without solving any linear programming problems. The
proposed algorithm is simple and quick to solve.

The paper is organized as follows: In section 2, we present the defini-
tions and concepts in DEA. Section 3, illustrates some characteristics of
the hyperplanes of PPS. In the next section, the proposed method which
finds the strong defining hyperplanes is introduced. Section 5 deals with
the introduction of the proposed method for finding the weak defining
hyperplanes. Section 6 contains the summary of the suggested algorithm
for finding defining hyperplanes. In section 7, some numerical examples
are provided. The comparison between the method presented in this
paper and the previous approaches presented in this field provided in
section 8 and finally a conclusion is summarized in the last section. All
the proofs are given in Appendix A. In Appendix B, the mathematical
interpretations of Theorems are illustrated through an example.
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2 Mathematical Preliminary

In DEA, it is assumed that there are n DMUs such that each DMU;(j =
1,...,n) uses a column vector of inputs (x;) to produce a column vector
of outputs (yj), where x; = (15, Zm;)’s ¥j = Wijs - yss)'. Tt is
also assumed that x; > 0,y; > 0,x; # 0, and y; # 0 for every j =
1,...,n. Furthermore, we name z; = (x;,yj) . The production possibility
set (PPS) is defined as follows:

T = {(x,y) |y can be produced by x} .

T is characterized by the five postulates (see [(]).
T, is built on the assumption of constant return to scale (see [7]).

n n
Tc: (X>y) ’X>ZXJ)\37Y<ZYJ)\]7)\3>O7J:11an
j=1 j=1

T, is built on the assumption of variable return to scale (see [3]). It
can be defined as follows:

n n n
T, =S (6y) x> %0,y <D v, > A =1,
j=1 j=1 j=1

Aj=20,5=1,..,n.

T. and T, are the production possibility sets of CCR and BCC mod-
els respectively. For evaluating DMUy (k € {1,...,n}), we can use the
multiplier form of BCC model that is formulated as follows:

Max wuy; + uo
st uy;—vxrjtu <0 j=1,...,n

vy = 1 (1)
u>0,v>0
ug fee

where u = (uq,...,us) and v = (vy, ..., vy, ) are s -vector and m -vector

respectively. Suppose (u*,v*,uj) is the optimal solution of model (1).
The following definitions introduce strong and weak efficient DMUs.
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Definition 2.1. DMU} is called strong efficient, if u*y; + uj = 1 and
there exists at least one optimal solution (u*,v*), with u* > 0, v* > 0.

Definition 2.2. DMU] is called weak efficient, if u*y;, +ug = 1 and at
least one element of (u*,v*) is zero for every optimal solution of (1).

Note. If up is omitted from (1), the CCR model is obtained. The
definition of efficiency is the same (see [2]).

Definition 2.3. DMU]} is called non-dominated, if and only if there is
no (x?,y?) € PPS such that

—X; 2 —Xk and —X; 7& — XLk .
Y Y& y; Yk
Otherwise, we say DMU; dominates DM Uj,.

3 Foundation of Hyperplanes in DEA

A production possibility set is enveloped by hyperplanes which are form-
ing the efficient frontier. For DMUs with m inputs and s outputs, the
PPS is a subset of R "¢, Since the set of strong® defining hyperplanes of
the PPS is unique (it has been assumed that the redundant hyperplanes
are omitted), each strong defining hyperplane of PPS passes through
at least m 4+ s DMUs which are affine independent?. Otherwise, the
hyperplane is not unique. As an example, consider a set of six DMUs
in R?2*! (Table 1 and Fig 1). A, D, G lie on the same line; hence, the
hyperplane passing through them is not unique. since A, D, E, G are
affine independent, therefore only one hyperplane passes through them.

Remark 3.1. The results of this section are based on the following
geometric fact:

3Hyperplane {z;p'z = a,p > 0} is strong if none of components of the p are zero
and it is weak if some of the components of p are zero.

4A collection of vectors a1, ..., axs1 of dimension n is called affine independent if
{a2 — ai1,...,ax+1 — a1} is linear independent ([4]).
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let F' = {zjl, ces zjerS} C R™*5 be the collection of arbitrary m + s
DMUs. z = (%1,...;%m,Y1,...,Ys) lies on the hyperplane H, passing
through members of F', if and only if the determinant of the components

of the vectors zjlz, 21 Zjas wees Zj1 Zjma. ATE equal to zero i.e.,
X1 — T1j; e Tm — Tmj, Y1 — Y15 e Ys — Ysja
L1jp — L1j; s Lmjz — Lmyy Y1jo — Y1j1 s Ysja — Ysj
=0
xljm«l»s - xljl st xmjm+s - xmjl yljm+s - yl]l A ijm+5 - ysjl

(2)

where 21, ..., T, Y1, ..., Ys are variables, z,;, (p = 1,...,m,t =1, ...,m+
s) is the p -th input of DMUj, and yg;, (¢=1,...,s,t =1,....m+s) is
the ¢ -th output of DMUj,.

The important point to note is the fact that the gradient (normal
vector) of H, which is obtained by Eq. (2), is orthogonal to the m +
s — 1 vector in the form of szZj;,zjgzjl, s Zjmys2j1- Needless to say,
the gradient of H is also orthogonal to all the vectors that lie on H. In
other words, the rows of the determinant of Eq. (2) can be considered
as the vectors that are the difference between any two arbitrary points
of Fi.e.,

z—>jtzjt, sttt e{l,..m+s}, t#¢L.

Remark 3.2. If the m + s points, through which the hyperplane H
passes, are not affine independent, then the Eq. (2) becomes trivia
(leads to 0=0). It means that the hyperplane passing through these
points is not unique.

For example, consider a system of six DMUs with variable return to
scale assumption as in Table 1.

It is easily found in Fig. 1 that the set {4, D, G} is not affine inde-
pendent, since {D — A, G — A} is not linear independent. We now apply
Eq. (2) for {A, D, G}, hence it follows that 0=0 i.e.,

r1—2 x20—2 y—4
1—-2 5—2 6—4|=0.
1.5—-2 35—-2 5—-4
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Figure 1: Remark 3.2.

Table 1: An illustrative numerical example for Fig. 1

DUM
A B C D E G
o 2 1 5 1 0.5 1.5
zy 2 4 1 5 1 3.5
y 4 8 6 6 1 5

This implies that the hyperplane passing through {A, D,G} is not
unique.
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4 Finding The Strong Defining Hyperplane of
T, And T,

In this section, Definition 4.1 is presented as a criterion for identifying
all the strong defining hyperplanes.

Definition 4.1. The hyperplane H = {(x,y) [0ay—vx+uy = 0, (@,V) >
(0,0), (@,v) # (0,0)} is a strong defining hyperplane of PPS, if and
only if:

1. At least m + s actual DMUs of PPS lie on H.

2. It is supporting.

3. All of the components of its gradient are strictly positive i.e.,
(a,v) > (0,0).

Now, suppose that J = {1,...,n} is a set of indices of all DMUs. We
define F' as the set of indices of DMUs which are non-dominated.

F = {j|DMUj can not be dominated by any observed DMUs} .

Let |F|=n1 < |J]| =n.

According to Definition 4.1, we choose an arbitrary m + s members
of F. Again, one should note that when we deal with T, one of these
m + s DMUs must be the origin; therefore, only m + s — 1 members
of F' are chosen. As it was mentioned, because of the ray unbounded-
ness postulate in T, all the strong and weak defining hyperplanes must
contain the origin. We call this set D = {ji, ..., Jm+s}-

By using D, a hyperplane can be generated through Eq. (2).

4.1 Supporting conditions

Suppose that the equation of the obtained hyperplane from Eq. (2) is
in the form of H : iy — vx + 5 = 0.

Remark 4.2. If (@,¥v) > (0,0), then H has the potential to be sup-
porting. In what follows, the conditions of Theorem 4.3 are going to be
surveyed so that the supporting of H is proved.
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If (@,v) < (0,0), then the hyperplane H must be generated by
(—@, —V), and then we can survey the conditions of Theorem 4.3. (Note
that in 7, H must be generated by (—u, —v, —uy) ).

If some of the gradient components of H corresponding to input
vector are nonnegative or some of its gradient components corresponding
to output vector are nonpositive, then the gradient of H is not in the
direction of a supporting hyperplane.

Theorem 4.3. Suppose H = {(x,y) |ay—Vx+up =0, (@,Vv) > (0,0),(Q, V) #
(0,0)}, ay — vx + up = 0 is formulated from Eq. (2). If

uy; — Vx; +ug =0 j€D

uy; —vx; +up<0j€J—-D,

then H is supporting.
Proof. See Appendix A. O

5 Identifying Equations of Weak Defining Hy-
perplanes

The idea to find weak defining hyperplanes is straightforward by adding
artificial weak DMUs.

Remark 5.1. In T, we call each point on the input/output axes as
“artificial DMU”, and in T, we call each virtual DMU on the weak
hyperplanes, as “artificial DMU?” hereafter. It should be noted that the
weak hyperplanes are parallel to the axis of input or output.

Definition 5.2. The hyperplane H = {(x,y) |[ay—vx+u9 = 0, (@, V) >
(0,0), (@,v) # (0,0)} is weak defining hyperplane of PPS, if and only
if:

1. At least m + s actual and artificial DMUs of PPS lie on H.

2. It is supporting.
3. At least one component of its gradient (normal vector) is zero.

5.1 Identifying artificial DMUs in T,

We know that the weak defining hyperplanes are parallel to at least one
of the input or output axes. But in T, owing to its special structure, all
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the hyperplanes of PPS must contain the origin; thus, the weak defin-
ing hyperplanes should necessarily contain entirely an input or output
axis that the hyperplane is parallel to. It means that all points on the
input /output axes should satisfy equation of weak hyperplanes. To this
end, artificial DMUs is added on the input-output axes in the following
form

v = (0,0,...,0,,0,...,0) € R™** l=1,...m

Ymiq = (0,0, ...,0, -, 0, ...,0) € R™* g=1,..,s. (3)

In which « > 0. The vector 7; (I =1,...,m) is an artificial DMU
that lies on the [ -th input axis where a appears in the [ -th position.
Likewise, Ym+q (¢ = 1,...,s) is an artificial DMU that lies on the ¢ -th
output axis where —« appears in the (m + ¢) -th position (the minus
sign shows that these artificial DMUs are dominated by origin).

5.2 Identifying artificial DMUs in T,

We know that artificial DMUs through which a weak hyperplane passes
must be satisfied in its equation. In the absence of the ray unbound-
edness postulate in T}, weak defining hyperplanes may not contain in-
put/output axes. In other words, we try to identify other artificial DMUs
such that they satisfy equations of weak defining hyperplanes of T),. In
this case, we add m + s artificial DMUs for each actual DMU which lie
on the weak hyperplanes that are parallel to the input or output axis.
These artificial DMUs are as follows:

l
Zj :(xlj)x2j7 "'7$(l—1)j7$lj + avx(l+1)j7 -y Tmyj, Y15, 7y8])

j=1..,n1l=1,..m
m+ (4)
2T = (214, X955 ooy Tings Yy s Y(g—1) 75 Ygj — O Y e Ysi)
j Js 255 s bmgs Ylgs -+ Y(g—1)55 Yqj > Y(g+1)5> s7

i=1..,n,qg=1,..5s.

It should be noted that each 2} (I =1,...,m) and z;nJrq (g=1,...,5)
are dominated by z;.

Let us illustrate concepts of these artificial DMUs with a simple
example. Fig. 2 exhibits three actual DMUs z1, 29, 23, each with two
inputs and one output. Note that there is no strong defining hyperplane.
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It is easy to see that the artificial DMUs z{, 23 and z3 lie on the weak
hyperplanes that are parallel to the first axis of input and the 22, 22 and
z§ lie on the weak hyperplanes that are parallel to the second axis of
input and the artificial DMU 2} lies on the weak hyperplanes that are
parallel to the first axis of output.

e

Figure 2: The presentation of actual and artificial DMUs.

Theorem 5.3 will show that in T}, adding n x (m + s) artificial DMUs
in the form of (4) is equivalent to the adding m + s artificial DMUs in
the form of (3). Hence, with the result of Theorem 5.3 only few artificial
DMUs must be added.

Theorem 5.3. Assume H is a hyperplane that is generated with a set
of m+ s actual and artificial DMUs which are in the form of (4), then
H can also be generated with the set of m+ s actual and artificial DM Us
which are in the form of (3) and the equation (2) is replaced with the
following equation:

11
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T — xljl e Tm — wmj1 Y1 — yj1 Tt Ys — ysj1
Tljo — Tlj1 " Tmgs — Tmyjy Yije = Yjn = Ysjo = Ysja
Tl = Ty T, T Tmyy Y = Yi o Ysik — Ysin| =0
Tty
Yty

(5)

where k is the number of actual DMUs and k' is the number of
artificial DMUs such that k +% = m + s, k > 1,k > 1 and in which
Vers oy Vb, ATE k" arbitrary artificial DMUs among m + s artificial DMUs
from (3).
Proof. See Appendix A. O

Now, for both T, and T, we can put m + s artificial DMUs in the
form of (3) and actual DMUs in a new set in the following form:

E= {ij ...,zjnl,'yl,’ym_,_q} l=1,...m,qg=1,...,s.

where n; is the number of members of F. We construct the set D
by selecting m + s arbitrary DMUs from E such that it consists of at
least one artificial DMU and at least one actual DMU. To this end, we
generate the hyperplane passing on D by using Eq. (5).

Remark 5.4. For D in T, the following conditions must be met:

1. The origin belongs to D.

2. At least one artificial DMU and one actual DMU belong to D.

Using what has been mentioned up to now, for finding all the strong
and weak defining hyperplanes of the PPS, an algorithm is going to be
presented in the next section.

6 Summary of the Algorithm for Finding All
the Strong and Weak Defining Hyperplanes

Using what has been mentioned up to now, an algorithm for finding all
strong and weak defining hyperplanes of the PPS is presented as follows:
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Let J ={1,...,n} be an index set of all DMUs.

Step 1 (purge). Define F as the set of DMUs which are non-
dominated.

F = {j|DMUjcannot be dominated by any observed DMUs}

where |[F| =n; < |J| =n.

Step 2. Consider m + s artificial DMUs as:

v =(0,..,0,0,0,....,0) € R™ [ =1,....m
Ym+4q = <0, ...,0, —a,O, 70) S Rm+s , @ = 1, ey S

where a > 0 is an arbitrary scalar. Put indices of both non-dominated
and artificial DMUs in FE.

Step 3. Choose m + s arbitrary members of E. Call this set D =
{j1, s jm+s}- In dealing with T, one of these m +s DMUs must be the
origin.

Construct a hyperplane using Eq. (2). If at least one of the m + s
members of D is artificial, then use Eq. (5). Suppose that the equation
of the obtained hyperplane is in the form of H : iy — vx + @y = 0.

Step 4. If some of the components of its gradient which are corre-
sponding to the output vector are nonpositive or those corresponding to
the input vector are nonnegative, then go to step 7.

If (w,v) > (0,0), then H may be supporting and go to the next
step.

If (@,v) < (0,0), then construct the hyperplane H with (—a, —V)
and go to the next step.

Step 5. If

ay; —vx;+ug=0j5¢€D
uy; —vx;+ug<0jeJ—D,

then H is supporting. Otherwise, go to step 7.

Step 6. If at least one of the m+s members of D is an artificial DMU,
then H is a weak defining hyperplane. Otherwise, if all the components of
its gradient are strictly positive, then H is a strong defining hyperplane.

Step 7. If another subset of £ with m + s members can be found,
go to step 3, else stop.
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6.1 Convergence of algorithm

The mentioned algorithm stops in a finite number of iterations, with all
the strong and weak defining hyperplanes of PPS under constant and
variable returns to scale assumptions. The third step will be repeat until
all the hyperplanes passing through D are found, that D is subset of m+s
members of E. On the other hand, the number of iterations of third step

is less than (m;‘g_:;m) Thus, algorithm is finite-time convergent.

7 Numerical Examples

Here, we present two examples. In Example 7.1, all defining hyperplanes
of a system with CRS technology is found. Example 7.2 is devoted to a
system of DMUs in VRS technology.

Example 7.1. ( T.—CRS ). Consider a system of five DMUs with two
inputs and one output as in Table 2. All DMUs have been depicted in
Fig. 3.

Table 2: Data on numerical example 7.1

DUM
a b C d e
1 1 2 5 6 1.5
9 4 2 1 1 3
Y 1 1 1 1 1

Since X4 > X¢, Yg < Yo then DMUy is dominated and F' = {a, b, ¢, e}.

Let oo = 2, we have:

M= (27070)7 Y2 = <O7270)a V3 = (0707 _2)

E={a,b,c,e;v1,72,73} -

The first strong hyperplane is constructed by using Eq. (2) on D =
{0,a,b} where o is the origin.

ry T2 Yy
1 4 1 |=—6y+ 2x1+ 29, Hy: =6y + 2z + 22 =0.
2 2 1
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X

Figure 3: PPS of numerical Example 7.1.

By using Remark 4.2 and corresponding with Gy — vx 4+ g = 0, we
have (@,v) = (—6,—2,—1) < 0 ; hence, construct the hyperplane with
(—u, —v) that leads to H; : 6y — 2x; — x2 = 0.

It can be easily verified that conditions of Theorem 4.3 are held and
H1 is defining because:

a: 6(1)=2(1) - (4) =0
b: 6(1)-2(2) - (2)=0
c: 6(1)—2(5)—(1)<0
e: 6(1)—2(1.5) = (3) <

On D3 = {0, a,c} we obtain Hs : 19y —3x; — 4xe = 0, but this is not
supporting since by considering conditions of Theorem4.3 for DM Uy, we
have:

b:19(1) — 3(2) — 4(2)) > 0.

On D3 = {o,a,v2}, because one of the three members of D3 is arti-
ficial DMU, therefore by using Eq. (5) we have:

15
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r1 T2 Y
1 4 1|=y—ua, Hsy:y—x1=0.
0 2 0

Note that conditions of Theorem 4.3 are held and Hgs is a weak
defining hyperplane. In a similar manner, the other equations of the
strong and weak defining hyperplanes are obtained. Table 3 summarizes
the results related to the strong and weak defining hyperplanes of the
Example 7.1.

Table 3: The results of the supposed algorithm for Example 7.1

D Equation of hyperplanes Strong or weak
{0,a,b} 6y — 211 — 12 =0 strong
{0,b,¢} 8y —x1 — 312 =0 strong
{0,a,72} y—x1=0 weak
{o,c,m} y—x2=0 weak

Example 7.2. ( Ty—VRS ). Consider a system of four DMUs with
one input and one output as it is shown in Fig. 4. Data is given in Table
4.

Table 4: Data of numerical Example 7.2

DUM
b c d
T 1 2 4 3
y 1 3 5 3

Since xp = x4, Y4 < Yp, the DM U, is dominated and F' = {a, b, c}.
Let a = 2, we have y; = (2,0), v2 = (0, —2) ; then E = {a, b, ¢, y1,72} .
On D = {a, b} and by using Eq. (2) we get:

r—1 y—11] L .
9_1 3_1’——3;—1-23:—17 Hi:—y+2x—-1=0.
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a

Figure 4: PPS of numerical Example 7.2.

By using Remark 4.2 and corresponding tiy — vx + g = 0, we have
(u,v) = (—1,—2) < 0; hence, we construct the hyperplane H; with
(—u, —v) that leads to Hy : y — 2z + 1 = 0.

It can be easily verified that the conditions of Theorem 4.3 are held
and H; is defining because:

a 1-2(1)+1=0

b 3-2(2)+1=0

c b—2(4)+1<0.

Table 5 summarizes the results of applying the algorithm for detect-
ing strong and weak defining hyperplanes of the Example 7.2.

8 Comparative Analysis

In this section, we have made a comparison between the method pre-
sented in this paper and the previous ones presented with the subject of
finding defining hyperplanes.

Most of the articles presented in this field, find only strong defining
hyperplanes (Say [1, 8, 10, 11, 12, 13]). But it is important to generate
the weak defining hyperplanes, specially when the frontier of the PPS is

17
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Table 5: The results of the supposed algorithm for Example 7.2

D HYPERPLANES Is supporting? Strong or weak

{A, B} y—2x+1=0 Yes strong
{A,C} —42+3y+1=0 No -
{B,C} y—x—1=0 Yes strong
{A77l} y—1=0 No -
{A, 72} —z+1=0 Yes weak
{Ba’)/l} y—3=0 No -
{B,y2} —r+2=0 No —
{C,m} y—5=0 Yes weak
{C, 2} —x+4=0 No -

constructed only of weak facets.

Also, most of the provided methods are applicable to PPS, either
constant returns to scale (CRS) or variable returns to scale (VRS). (Say
[ » Oy Ty Ly ])

Finally, in all of the mentioned papers, methods of finding defin-
ing hyperplanes solve many linear programming problems. This matter
requires more computational effort.

The presented algorithm (in section 6) has the following strengths:

i) It Calculates both strong and weak defining hyperplanes.

iii) It’s applicable to both, PPS under constant and variable returns
to scale.

iii) It finds all the defining hyperplanes without solving any LPs.

Our method can be easily implemented using existing packages for
mathematical algorithm, such as python.

9 Conclusions

Data Envelopment Analysis (DEA) has a strong connection with Linear
Programming (LP). The structure of PPS is studied since early years of
DEA. Finding strong and weak defining hyperplanes of PPS is surveyed
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in many papers that are mostly baes on solving LPs. Today, with ad-
vanced computers and softwares solving a linear programming (or even
hundreds of LPs) is not time consuming. But existence of alternative
solution for a LP is a big issue in the subject. It causes many difficulties
in determining the maximal facets (and also defining hyperplanes) PPS.

In this paper, we have proposed an algorithm for finding all the
strong and weak defining hyperplanes without solving any linear pro-
gramming problems. By means of the equations of hyperplanes which
construct the efficient frontier, we can identify returns to scale of DMUs
and all efficient DMUSs that consist of a reference set. Furthermore, the
method of moving inefficient DMUs to efficient frontier can be studied
in more details. With all defining hyperplanes of PPS in hand, many
issues in DEA can be explored simpler.

Appendix A

Proofs of Theorems

Proof of Theorem 4.3. Since H passes through all members of D,
then H NT, # (). Also, we have:

uy; — vx; +ug <0 j=1..n.

n
Suppose that for j = 1,...,n, A; > 0 are scalars such that )  \; =1,
j=1
then we have:

n n n
u Z ANjyi | =V Z Ajxj | + g Z Aj ] <0.
j=1 j=1 j=1
Again, with regard to the structure of T, we have

n
—vx < —V E AjX;
j=1

n
ux <u Z )\jyj
j=1

Uy < UgQ.
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Therefore, for each (x,y) € T, we get:
n n n
uy — VX + g < ﬁZ)\jyj —\_/Z)\ij —‘rﬂoZ)\j < 0.
Jj=1 J=1 Jj=1

It means that all the PPS ( T}, ) is on one side of H. In other words,
H is supporting.

Note that by omitting wug, the proof is concluded for T, straightfor-

ward.
Proof of Theorem 5.3. It is known that each hyperplane can be
generated by using a set of m + s points (DMUs). We will investigate
different possible cases in which the artificial DMUs in the form of (4),
are effective in constructing a hyperplane. Then, it will be shown that
these hyperplanes can also be generated by using artificial DMUs in the
form of (3).

Let D consists of both actual and artificial DMUs. Suppose D
contains k arbitrary actual and k arbitrary artificial DMUs such that
k+k=m+sand k>1,k>1.

Case 1. All the £’ artificial DMUs has the same index as the actual
DMUs that are members of D ; i.e.

D= {zjl,...,zjk,z}‘tl,...,z}‘tk,} and {jtl, ...,jtk,} C {1,y g}

where * can be either [ (1 € {1,....m} )orq (qe€{l,..,s}).

Now let H be the hyperplane that is generated by using the members
of D and Eq. (2). Therefore, the gradient of H is orthogonal to vectors
m, ...,m,zjtz;tﬁ such that g € {1,..,k'}. On the other hand,
Remark 3.2 implies that the gradient of H is also orthogonal to m+s—1
arbitrary vectors as follows:

; , ——
¥ . . /
2 Zjas s 2k e, st jig =3t , BE {1,...,k }

It means that, in the determinant of Eq. (2), rows (k + 1) to (k + k')
are the differences between actual and artificial DMUs which have the
same indices. But these differences are the vectors introduced in (3). So,
the determinant of Eq. (2) transforms to the determinant of Eq. (5).
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Case 2. The k' artificial DMUs are of two types. The first type are
artificial DMUs that have the indices same as some actual DMUs of
set D ; and the second type are artificial DMUs that don’t have the
indices same as some actual DMUs of set D.Suppose k" + k" = K
where k" is the number of the first type and k" is the number of the

_ . . * * * *
second type. Then D = {Zﬁ’""Zﬂk’zjtl’""thku’zjt'l’""th'k,,,} and

{t1,.tipn} SH{L, .k}, {t, ot} C T — {1, ..., k}.

In this case, we will show that the obtained hyperplane using the
above set is either not supporting (therefore it is not defining) or the set
D can be transformed to a set which is a subset of case 1, and in this
case the hyperplane can also be generated by Eq. (5). Corresponding
to Remark 3.2, we know that the supporting hyperplanes have a form

as follows:
H = {(x,y) |ty — ¥x+ 1 =0, (@,V) > (0,0)}

in which (@, ¥) is gradient of H. Without loss of generality, suppose
that for an arbitrary artificial DMU of D, say 27 € D, we have z;, ¢ D

and also suppose * = [ and [ € {1,...,m}. since 2

;, is dominated by z;

we have:
(—.ZUljt, T X255 weey T Llgyy YLy ey ysjt) =
(_$1jt7 T2y eeey "Ly T QG YLgyy ey ysjt) .

And since (@, v) > (0,0), then:

ULYrj, + - UsYsj, — V%15, — =+ — ULy, -0 — UmTmg, + Uo 2
UYL, + 0+ UsYsj, — V11, — o — (T, Q) — 00— VT, + Uo-

Because H is binding in zét € D, the right-hand side of the above

inequality will be zero i.e.,
UIY1j, + 0 UsYsj, — V1T15, — 0 — VTG, 0 — Um@Tmg, + up 2= 0.

Subcase 2a. If iy, + o UsYsj, T VI, T T UL,
UmTmg,, + uo > 0, then clearly H is not a supporting hyperplane, be-
cause H does not pass through zj,. So, in this case, the set D will not
lead to the construction of a supporting hyperplane.

21



22

S.OSKOUEIAN AND H.ZHIANI REZAI

Subcase 2b. If w1y, 44 UsYsjy, — VITLj, — 0 = UTlj, =
UmTmg, +uo = 0, then H passes through zj,. Therefore, this hyperplane

can be constructed by eliminating artificial DMU 2!

5, from D and sub-
stituting the actual same-indexed DMU. In this case we have a subset
of case 1.

Finally we can conclude, for each artificial DMU that there doesn’t
exist any same-index actual DMU in D, either the hyperplane is not
supporting or the hyperplane can be obtained by other forms of D which

are subsets of case 1.

Appendix B

Illustration of Theorem 5.3 with an example

Consider a system contain 7 DMUs with two inputs and one output
(Table 6). The production possibility set ( T;, ) is shown in Fig. 5.
These seven DMUs span four strong defining hyperplanes and six weak
defining hyperplanes. The dotted regions and the shaded regions of
the production possibility set are the strong and weak efficient frontier
respectively. Some artificial DMUs in the form of (4) have also been
depicted in Fig. 5.

=

- —

Figure 5: he production possibility set of the example.
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We hayve:

224 =064+a,1,6), 22=44+0a,48), and 2zZ=(051+a,l)
in all of which a > 0, for example o = 1.

Table 6: An illustrative numerical example

DUM
Z1 22 Z3 Z4 <5 26 27
T 2 5 4 1 0.5 1 1.5
T2 2 1 4 5) 1 0.5 3.5
Y 4 6 8 6 1 1 5

The detailed analysis proof of Theorem 5.3 will be provided in the
following instances.
Case 1. Choose Dy = {2’2,2’3,2’%}. The set D; contains two actual
DMUs and one artificial DMU. The Artificial DMU zi has the same
index as z3. By using Eq. (2) we have:
r1—5H x9g—1 y—=6
4—-5 4—-1 8-6|=0— H;: 3y—2x2—16=0.
5—-5 4-1 8-6
The obtained weak hyperplane is associated with H; in Fig. 3 which
is parallel to the first axis of input. Note that the Remark 3.1 implies
that the gradient of H; is also orthogonal to vectors 2275, 2323, in which

2323i = (1,0,0). Consequently, the equation of H; is can be generated
by using the following relation:

—_

Yy 6 1‘1—5 .7}2—1 y—6
8§8—6 | = -1 3 2
8—8 1 0 0

=

.1‘1—5
4-5
5—4

5 —
4—-1
4—-4

Obviously, the above relation is associated with Eq. (5). This ex-
presses the equivalence between the set D = {22,23,%} and the set

D = {29, 23,7} in which 7 is an artificial DMU in the form of (3).

23
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Case 2. Choose the set Dy = {23,2’31),2%}, that contains one actual
DMU and two artificial DMUs. The artificial DMU zé has the same
index as z3 (Actual DMU), but there is no actual DMU with same index
as z3 . DMU 2} is dominated by zo. Let us now summarize the different
possible cases that may arise.

Subcase 2a. The hyperplane that passes through members of Dy also
passes through zo. Therefore the obtained hyperplane can be generated
by the set {z;;,z%,zz} .

Subcase 2b. The obtained hyperplane when using D is not support-
ing.

Due to the Fig. 1, it is clear that the subcase 2a is occurred. There-
fore, in regard of case 1, the set Dy = {Z3, z%, z%} is equivalent to the
set D = {z3,71,22} .

Now, choose the set D3 = {2’3,2’%,2’52)} in which D3 contains one
actual DMU and two artificial DMUs. The artificial DMU 2z} has the
same index as z3 (Actual DMU), but there is no actual DMU with same
index as zg . Here subcase 2b is occurred. Thus, the obtained hyperplane
using D3 and Eq. (4) is not supporting and z5 is not on one side of it;
ie.,

$1—4 :L‘2—4 y—8
5-4 4-4 8—8|=0 — 2y—6z2+8=0.
05—4 2—-4 1-8

And for z5 we have:

2(1)—6(1)+8>0
Vi 2(y;) — 6 (22;) +8 < 0.

Therefore, this hyperplane passes through PPS and is not support-
ing.

The above example implies that the outcomes of adding artificial
DMUs in the form of (4) and using Eq. (2) is similar to outcomes of
adding artificial DMUs in the form of (3) and using Eq. (5). Therefore,
all the weak defining hyperplanes of a system is generable by actual
DMUs and artificial DMUs in the form of (3) and by using Eq. (5).
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